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EXPLICIT COMPUTATION OF GALOIS
P-GROUPS UNRAMIFIED AT P
Nigel Boston and Charles Leedham-Green
0. Introdution.
In this paper we introdue a new method for nding Galois groups by omputer.
This is partiularly eetive in the ase of Galois groups of p-extensions ramied
at nitely many primes but unramied at the primes above p. Suh Galois groups
have been regarded as amongst the most mysterious objets in number theory [10℄.
Very little has hitherto been disovered regarding them despite their importane in
studying p-adi Galois representations unramied at p. The onjetures of Fontaine-
Mazur [7℄ say that they should have no p-adi analyti quotients (equivalently,
the images of the Galois representations should always be nite), and there are
generalizations due to the rst author [3℄, [4℄, suggesting that they should instead
have `large' ations on ertain trees.
Below, we indiate how the method works in the ase of 2-extensions of Q.
This ase is hosen sine powers of 2 grow relatively slowly allowing us extensive
omputations. The idea is to modify the p-group generation algorithm [9℄ so that
as it goes along, it uses number-theoretial information to eliminate groups that
annot arise as suitable quotients of the Galois group under investigation. In the
best ases we obtain a short list of andidates for the Galois group. Two phenomena
are worth noting. First, as noted in [5℄, the same groups turn up repeatedly. Seond,
even when the short list onsists of more than one group, the andidates typially
are so similar that most questions regarding them will yield the same answer. In
this way, we an tell a lot about the Galois groups without always pinning them
down exatly.
Two items of progress are worth noting here. First, our exhaustive searh allows
us to go well beyond what was known previously, whih was in general only the
maximal nilpoteny lass 2 quotient of these Galois groups. Seond, we obtain at
least a onjetural haraterization of the Galois group of the maximal 2-extension
unramied outside fp; qg in most ases when p  3 (mod 4) and q  5 (mod 8).
1. Some Basis.
Let S be a nite set of odd primes. The maximal 2-extension of Q unramied
outside S (allowing ramiation at innity) will be denoted by Q
S
and its Galois
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group over Q by G
S
. We seek to nd G
S
given a set S. We begin with some
elementary results.
Theorem 1. (1) For every nite index subgroup H of G
S
, H=H
0
is nite.
(2) [8℄ The generator rank d(G
S
) equals the relator rank r(G
S
). Equivalently,
G
S
has trivial Shur multipliator.
Proof. (1) follows by lass eld theory, from the niteness of ertain ray lass
groups. (2) is a theorem of Shafarevih.
Corollary. (1) If #S = 1, then G
S
is a nite yli group.
(2) If #S  4, then G
S
is innite. (Golod-Shafarevih.)
In [5℄, the rst author and Perry exploited various irumstanes in whih a
deomposition subgroup has index 1 or 2 in G
S
. This led to the following families.
(Here S = fp; qg.)
Theorem 2. Assume that p  3 (mod 4), q  3 (mod 4), and without loss
of generality (by quadrati reiproity) p is a quadrati residue of q. If 2
k
is the
highest power of 2 dividing q
2
  1, then
G
S

=
h a; b j a
2
= b
2
k
= 1; b
a
= b
 1+2
k 1
i;
the semidihedral group of order 2
k+1
. Further, we an take a to be omplex onju-
gation and b to be the generator of any inertia subgroup at q of G
S
.
Theorem 3. Assume that p  3 (mod 4), q  1 (mod 4), and

p
q

=  1. If
2
k
is the highest power of 2 dividing q   1, then
G
S

=
M
k+2
(2) = h a; b j a
2
= b
2
k+1
= 1; b
a
= b
1+2
k
i;
the modular group of order 2
k+2
. Further, we an take a to be omplex onjugation
and b to be the generator of any inertia subgroup at q of G
S
.
Theorem 4. Assume p  3 (mod 4), 2
k
(k  2) exatly divides q 1, and either
(1) k = 2 and p 2 (F
q

)
4
,
or (2) k  3 and p 2 (F
q

)
2
  (F
q

)
4
.
Then
G
S

=
P
k
:= h a; b j a
2
= b
 1
ababab
2
k
 1
a = 1 i
(presented as a pro-2 group), of order 2
3k+1
. Further, we an take a to be omplex
onjugation and b to be the generator of any inertia subgroup at q of G
S
.
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Note the tendeny for G
S
to belong to a small family of possibilities. This
paper arose from the desire to study ases where G
S
does not have a deomposition
subgroup of small index. (It an be heked that the groups given below do not
have any metayli subgroups of small index. Note that deomposition subgroups
must be metayli here sine all ramiation is tame.)
2. The Method.
The idea is to modify O'Brien's p-group generation algorithm [9℄, whih allows
omputer algebra systems suh as MAGMA [2℄ to nd systematially all p-groups
with some property, e.g. all 2-groups with 2 generators and order  1024. Our
modiation is to have the program save those desendants that satisfy various
onditions oming out of the number theory.
O'Brien's approah is to dene, given p-group G, a sequene of harateristi
subgroups by P
1
(G) = G; P
i
(G) = P
i 1
(G)
p
(G;P
i 1
(G)). Thus, G = P
1
(G) 
P
2
(G)  ::: The smallest  suh that P
+1
(G) = f1g is alled the p-lass of G. Sine
the i-th term 
i
(G) of the lower entral series of a p-group G is ontained in the
i-th term P
i
(G) of the lower p-entral series, the p-lass is bounded below by the
nilpoteny lass. For most p-groups in question, P
i
(G) = 
i
(G) for all but a few
initial values of i, and so the p-lass and nilpoteny lass are equal.
A p-group H is alled a desendant of G if H=P
+1
(H)

=
G, where  is the
p-lass of G. It is an immediate desendant if it has p-lass + 1.
O'Brien's algorithm nds all immediate desendants of a given p-group G.
These an be onveniently arranged in the form of a tree. For instane, the imme-
diate desendants of C
2
 C
2
look like the following.
C2
.  .  .
C2 x C D4 Q C4 x C44
(pclass 1)
(pclass 2)
x C2
This an then be iterated to give all p-lass 3, then p-lass 4, et. desendants
of C
2
 C
2
. The tree ontains eah 2-group with 2 generators exatly one (up
to isomorphism). The irle by the quaternion group, Q
8
, indiates that it is
`terminal', i.e. has no desendants. The innite ends of the tree yield innite pro-2
groups; for instane C
2
C
2
 D
4
 D
8
 ::: has inverse limit the dihedral pro-2
group.
Our aim then is, given S; , to ompute a short list (hopefully just one group)
of possibilities for the p-lass  quotient G
S
=P
+1
(G
S
).
We impose three kinds of number-theoretial onstraint on G
S
.
(I) (Top-end information) We an ompute H=H
0
for H of small index in G
S
(index  2 by lass eld theory,  16 by mahine, e.g. KASH [6℄).
(II) (Loal information) We know that G
S
has inertial generators f
p
: p 2 Sg
with the property that 
p
is onjugate to 
p
p
. It also ontains a omplex onjugation

1
of order 2.
(III) (Multipliator information) r(G
S
) = d(G
S
).
Note that if we had been onsidering p-extensions ramied at p, then H=H
0
need not have been nite, whih would make our approah muh less eetive.
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3. An Example.
The rst ase not overed by the expliit families above is that of S = f5; 19g.
We attempt to ompute G
S
by O'Brien's program using the number-theoretial
onstraints above.
First, we show that G
S
=P
4
(G
S
) is a ertain group P of order 64. This is done
by showing that x
16
  70x
14
+ 1161x
12
+ 5125x
10
+ 8910x
8
+ 7783x
6
+ 5235x
4
+
593x
2
+ 25 has P as Galois group, that its root eld is unramied outside S, and
that P has 2-lass 3 and is not a quotient of any other 2-lass 3 2-group.
Seond, we nd the onjugay lasses of P where 
5
; 
19
; 
1
an lie.
Third, we use KASH to ompute H=H
0
for all subgroups H of index  4 in
G
S
.
All the above goes in an input le. Our program now nds all immediate
desendants of P and tests them for 3 properties:
(i) that they ontain elements x
5
; x
19
that are respetively onjugate to their
5th and 19th powers and x
1
of order 2 suh that their images in P are in the
onjugay lasses found above,
(ii) that the abelianizations of their subgroups of index  4 are smaller than
(i.e. quotients of) the abelianizations of the orresponding subgroups of G
S
,
(iii) that their nulear rank diers from their 2-multipliator rank by at most
2 (see [9℄ for denitions of these terms).
Eah group that passes all three tests is then saved, its immediate desendants
omputed, and the tests repeated on these. The searh is done by depth rst so as
to save on storage. For large enough 2-lass (ii) an be rened, sine at this depth
the abelianizations must atually equal those of the orresponding subgroups of
G
S
.
This ontinues until we reah groups with abelianizations of their subgroups
of index  4 exatly right and with trivial Shur multipliator (whih implies that
the group is terminal). These groups are then andidates for G
S
.
If the proess terminates, then we know that G
S
is nite and is one of the
andidate groups. It might happen, however, that the proess does not terminate
in a reasonable length of time. In that ase, it ould be that there are innite
groups satisfying our number-theoretial onstraints or that there are only nite
groups but their p-lass is so large that they have yet to be reahed. The input le
to our program ontains a limit for the p-lass, whih an be adjusted. In the ase
of f5; 19g, the proess terminates in groups of 2-lass 11.
Here is what the tree for S = f5; 19g looks like. The numbers next to the
nodes give the exponents of the orders. A irle around a node means that none
of the group's desendants pass all three tests and that the group itself annot be
G
S
. A square around a node means that we have reahed a group that satises
everything G
S
is known to satisfy.
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 
 
 
          The Tree for S={5,19}.
8
6
8
10
12
14
15
17
19
14
19
18
      18
   17
15
Theorem 5. If S = f5; 19g, then G
S
is of order 2
19
and 2-lass (indeed nilpo-
teny lass) 11. In fat, it is isomorphi to ha; b : a
2
; bab
2
ab
 5
ab
5
ab
9
ab
 1
ab
5
ab
 4
ai
or to ha; b : a
2
; b
 7
ab
 6
ab
3
ab
 3
abab
 1
ab
 3
ab
 4
ai.
These two groups are very similar to eah other. For instane, their latties of
subgroups of index  32 (even with abelianizations attahed) math. This makes
them indistinguishable by top-end methods, i.e. by alulation in low degree sub-
elds of Q
S
. The advantage of this, though, is that the answer to many questions
about G
S
an be given, sine it is the same for either group.
Remarks. (1) The largest metayli subgroup of G
S
has order 2
9
and so
deomposition subgroups have index at least 2
10
. This means that the methods
used in [5℄ for the earlier expliit families simply do not arry over.
(2) In fat, if we only use abelianizations for subgroups of index  2 (whih
an be omputed by lass eld theory rather than by mahine), then we get the
same tree and the same two groups output.
(3) Several other hoies of S lead to the same tree and indeed the same pair
of groups, e.g. f3; 37g; f3; 61g; f5; 59g; f5; 139g; f11; 53g; :::.
Next we ompute some other trees. For S = f13; 23g, we get the following.
The same tree and groups are output for S = f13; 103g; f5; 199g; :::.
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   The Tree for S={13,23}.
8
6
12
22
23
24
17
18
20
21
17
18
20
21
22
23
24
8
15
14
10
Theorem 6. If S = f13; 23g; f13; 103g; f5; 199g; :::, then G
S
is of order 2
24
and 2-lass (indeed nilpoteny lass) 15.
The tree for S = f5; 79g is as follows.
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8
6
8
10
12
15
17
18
14
20
21
23
24
26
27
28
29
25
20
21
23
24
25
26
27
28
29
The Tree for S={5,79}.
Theorem 7. If S = f5; 79g, then G
S
is of order 2
29
and 2-lass (indeed
nilpoteny lass) 19.
It should be noted that no short presentations of these groups have been
found. These trees and their output groups seem to t into a pattern that we now
formalize as a onjeture. (This pattern has been heked experimentally as far as
S = f13; 127g, i.e. k = 7.)
First, note that by lass eld theory, if p  3 (mod 4), q  5 (mod 8), and p is
a square but not a 4th power modulo q, then the abelianizations of the subgroups of
index 2 are [4; 4℄; [2; 2; 2℄; [2; 2
n
℄(n  4), orresponding toQ(
p
 p);Q(
p
q);Q(
p
 pq)
respetively.
Suppose that n = 4 (as it does in all the ases above).
Conjeture. There is a family of groups G(k) (k  2) suh that G(k) has
order 2
5k+9
and nilpoteny lass 4k + 3, and suh that if 2
k
exatly divides p + 1
(together with the other assumptions above), then G
S

=
G(k).
The main problem is to identify the groups G(k). There are some simi-
larities suh as those noted above. Also, the number of generators of their nor-
mal subgroups apparently never exeeds 4 and there is always a unique maximal
abelian normal subgroup A(k) of order 2
3k+3
. On the other hand, the stru-
tures of G(k)
0
=G(k)
00
and A(k) vary erratially. For k = 2; 3; 4; 5, G(k)
0
=G(k)
00
is respetively [2; 4; 16℄; [8; 8; 8℄; [4; 16; 32℄; [4; 32; 64℄, whereas A(k) is respetively
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[4; 4; 8; 32℄; [4; 8; 32; 32℄; [4; 16; 64; 64℄; [4; 16; 256; 256℄.
4. The Case S = fp; q; rg.
We now produe some ases with #S = 3 and G
S
innite. The Fontaine-
Mazur onjeture and its generalizations apply to this ase. Our method yields
large quotients of G
S
against whih to test out these onjetures.
Suppose p; q; r  3 (mod 4). This keeps G
S
=G
0
S
small, namely C
2
C
2
C
2
.
The theory now omes in two avors aording as
(a) fp; q; rg an be ordered so that (
p
q
) = (
q
r
) = (
r
p
) or
(b) they annot.
Case (a).
In this ase, G
S
is apparently always nite. Consider, for example, S =
f3; 11; 19g. The abelianizations for the seven subgroups of index 2 onsist of [4; 4℄
one, [2; 2; 4℄ three times, and [2; 2; 8℄ three times. Taking as input the 2-lass 1
quotient P = G
S
=P
2
(G
S
)

=
C
2
 C
2
 C
2
, our method yields the following tree.
3
6
9
12
14 14 14 14
12
 Tree for S={3,11,19}.
Theorem 8. If S = f3; 11; 19g, then G
S
is of order 2
14
and 2-lass (indeed
nilpoteny lass) 5.
One again, it is hard to tell whih of the four groups output is atually G
S
,
but one again it does not matter for many purposes sine the answer to many
questions about them yields the same answer.
Case (b).
In this ase, G
S
is always innite. This is beause a subgroup of index 2 has
abelianization [2; 2; 2; 2℄ and has as xed eld an imaginary quadrati eld and then
we apply the result of Shafarevih that suh a subgroup must have 4 generators
and 4 relations and hene be innite by Golod-Shafarevih.
Let e.g. S = f3; 19; 43g. In this ase the abelianizations of the index 2
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subgroups are as small as they an be, namely [4; 4℄ one, [2; 2; 4℄ three times, and
[2; 2; 2; 2℄ three times. If we start with the 2-lass 2 quotient P = G
S
=P
3
(G
S
) of
order 64, then we get a tree as follows:
17 17.
.
.
17 17
6
11
     
          
   
    
.
.
.
.
.
.
.
.
.
Tree for S={3,19,43}.
Comments.(1) The method has been used suessfully in the ase of 3-
groups. For instane, in the ase of three primes S = fp; q; rg that are 1 (mod 3)
but not 1 (mod 9), the rst author has omputed many ases of the Galois group
of the maximal 3-extension unramied outside S. In eah ase, we obtain a nite
group, in agreement with the result of Andoskii-Cvetkov [1℄, whih says that this
group is either nite or isomorphi to   := ker(SL(2;Z
3
) ! SL(2;F
3
)). The
latter would ontradit the Fontaine-Mazur onjeture. This situation is explored
in greater detail in joint work by the rst author and Farshid Hajir.
(2) The Andoskii-Cvetkov groups have the interesting property that they form
a family of 3-groups (in fat with 3 replaed by any odd prime) G := G(n) suh that
G=P
n
(G) is isomorphi to  =P
n
( ) where   is the above ongruene subgroup. This
suggests that in general the groups arising might fall into families with G=P
n
(G)
isomorphi to H=P
n
(H) for some innite `governing' group H. For instane, for our
family in theorem 4, suh a role is played by H = ha; b j a
2
= b
 1
ababab
 1
a = 1i
(we simply take the 2-adi limit of the given relation). This is the 2-adi spae
group Z
2
o C
2
. Unfortunately, there is no obvious andidate for suh a governing
group for our family in Setion 3.
This unfortunately means that   satises the three key properties we use
to nd our Galois groups. In other words, there exists S suh that the top-end
information mathes that of  , and it is easy to see that   is generated by elements
x suh that x is onjugate to x
n
for some n > 1 and that d( ) = r( ) = 3. Perhaps
there is some additional piee of information we have overlooked that exludes  
from being one of our Galois groups (in aord with the Fontaine-Mazur onjeture).
(3) As Hajir has noted, G
S
an be innite even if #S = 2, for instane, if
S = f17; 101g. This follows by applying Golod-Shafarevih to the maximal real
subeld of Q(
17
). This introdues the interesting possibility of onstruting a
family of examples for whih the rst few are nite and an be found expliitly but
the later ones are innite. For instane, f17; 101g might be in a family with general
term fp; 6p 1g with 2
k
exatly dividing p 1. The rst term is e.g. S = f5; 29g and
we intend to ompute G
S
one some omputer glithes are overome. Replaing the
4 by 16 (somehow) in the presentation yields a guess for G
S
when S = f17; 101g.
5. Impat on the Fontaine-Mazur Conjeture and its Generaliza-
tions.
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Let W be the automorphism group of the binary rooted tree. In other words,
we set W
1
= C
2
and W
n
= W
n 1
o C
2
, so that W
n
is isomorphi to the Sylow 2-
subgroup of the symmetri group on 2
n
letters. The exponent of its order is 2
n
 1.
Let W = lim
 
W
n
.
If G is a losed subgroup of W , its Hausdor dimension is dened to be
lim inf
n!1
logjG
n
j
logjW
n
j
, where G
n
is the image of G in W
n
. The rst author has made
the following onjeture regarding G
S
[4℄. (Note that a just-innite pro-p group is
one that is innite but all of its proper quotients are nite.)
Conjeture. The just-innite quotients of G
S
are isomorphi to losed sub-
groups of W of nonzero Hausdor dimension.
Note that this implies the Fontaine-Mazur onjeture in this ase, in that a
2-adi analyti group annot embed in W with nonzero Hausdor dimension. (The
onjeture amounts to saying that the just-innite quotients of G
S
are Grigorhuk's
branh groups, together with a onjetural haraterization of branh groups in
terms of Hausdor dimension.)
The onjeture also implies that if G
S
is innite, then there exists a repre-
sentation G
S
! W with image of nonzero Hausdor dimension. We use our new
omputational tools to test this out.
Example. Let S = f3; 19; 43g. Let f = x
16
 4x
15
+10x
13
+14x
12
 42x
11
 
20x
10
+80x
9
+15x
8
 100x
7
+10x
6
+78x
5
 25x
4
 26x
3
+9x
2
 10x+13. Its Galois
group is a 2-group sine its root eld has subelds of every index. The splitting
of the polynomial modulo various primes tells us by van der Waerden's method
that its Galois group ontains elements with various yle strutures. Using the
MAGMA database of transitive groups of degree 16, we nd there is exatly one
subgroup of W
4
that ontains elements with all these yle strutures and that has
abelianization C
2
C
2
C
2
. This then gives us a map from G
S
!W
4
with image
TransitiveGroup(16; 1735) of order 2
13
.
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